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Random walk theory is applied to the motion of electrons in the early stage of breakdown of
helium in an electric field. Details of inelastic and elastic interactions are based on integral and
differential cross section data. The concept of mean free time is extended to include the effect of
acceleration between collisions due to the electric field.

The relaxation of electron energy distributions from initial delta functions to steady terminal
distriubtions is studied. Relaxation time determined by the random walk is shown to be closely
approximated by a simple energy exchange relation between electrons and the electric field.

Drift velocity and the first Townsend ionization coefficient are determined and compared with
experimental results. Various simplifying assumptions which have been used in analytical studies

are appraised by use of the random walk procedure.

Introduction

The time dependent motion of electrons in a rela-
tively steady electric field is often of interest; for
example, in the early stages of the breakdown of a
gas between two parallel electrodes®. The time for
an initial distribution to relax to a steady state dis-
tribution is important in determining the method of
calculation as well as for the physical description it
affords. The final steady state is independent of the
initial distribution and has been the concern of
numerous analytical investigations 277,

There are no adequate experimental techniques
for directly measuring electron energy distribution 8.
There are, however, appreciable amounts of experi-
mental differential and total cross section data avail-
able, especially for the rare gases. By use of a ran-
dom walk (RW) procedure this data can, in prin-
ciple, be used to determine electron energy distribu-
tion without the limiting restrictions imposed by
analytical approaches to the problem. By such a
procedure the trajectories of a representative sample
of electrons are followed in detail as they undergo
various types of collisions and as they are acted
upon by the electric field in the time between colli-
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sions. The details of each collision are based on
random selection of values from sets of numbers
distributed in accordance with the cross section
data.

A random walk method which incorporates a
large amount of physical detail may however re-
quire large amounts of computer time. Studies of
stochastic collisional processes, especially for weak
interactions between particles, can well exceed al-
lowable time limits. In the case of interest this de-
pends on the number of collisions required for the
electrons to relax to the terminal distribution.

In the gaseous discharge problem, the collisions
between the electron and neutrals are predominantly
the elastic type, except for very high energy elec-
trons. Usually, therefore, only a small amount of
energy, Ae, of the order of 2em/M is exchanged
during collisions. (The mass of the electron is de-
noted by m and that of the atom by M.) The time
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estimated to be very large when the criterion is
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RANDOM WALK THEORY OF COLLISIONAL PROCESSES

gives a number of collisions, »¢,, of the order of
106 to 108 for light gases. (A bar over Ae is used
to denote average per collision and » is collision fre-
quency.) With 10° to 10* test particles to comprise
a minimum suitable statistical sample, the number
of collisions for relaxation can be well beyond that
permittting a reasonable computer time effort.

In the presence of an electric field, however, there
there is an exchange of energy between electrons
and the electric field, £, over the distance, [, travel-
ed between collisions. It can be approximated by

Ae=~e ElcosO (2)

where 0 is the angle between the electron velocity
and the negative field direction. The rms average of
cos 0 is equal to 1/)/3 for an isotropic distribution.
The average number of collisions to exchange an
amount of energy ¢ can then be expressed as

N.=vt,=3(enQ,leE)? (3)

with [ set equal to the reciprocal of the product of
number density of background particles, n, times
the total absorption cross section, Q,. For helium,
this expression gives a number of collisions of the
order of 10 to 10 for an ¢ of 10 eV, for example,
and E/p ranging from 1 to 100 eV/cm-Torr.

Since collisions with the background neutrals
usually cause large angle deflections of the electron,
the electric field force on the electron is frequently
reversed in sign from one of acceleration to de-
celeration and vice versa. Thus, even though 4e is
large in magnitude, the net field energy given the
electron at steady state conditions merely balances
the energy lost in collisions with the neutrals. The
relaxation time of Eq. (3) is much shorter than that
based on electron neutral interaction and hints that
the gaseous discharge problem is well within solu-
tion by means of a straight forward random walk
procedure. It is interesting to note that the manual
effort of YARNOLD ! required about 70 collisions
for relaxation for m/M = 100. This is a much lower
number than estimated for relaxation by elastic
scattering.

The theory of electron interaction with an electric
field and with neutral atoms is developed in the
next sections for use in the RW. The usual concept
of free time between collisions is revised for use

in the RW at high E/p. The RW theory is then ap-

11 G. D. YarRNOLD, Phil. Mag. 36, 185 [1945].
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plied to the gaseous discharge problem with helium
atoms comprising the background gas. In the early
stages of breakdown considered herein, the inter-
actions of electrons with the small amount of helium
ions or excited neutrals are negligible 12.
Equilibrium energy distributions are determined
and compared with previous analytical results. The
consequences of assuming an isotropic distribution
of scattering angle, of assuming a constant collision
frequency, as well as the use of various inelastic
energy loss assumptions are studied. Drift velocity,
and Townsend ionization coefficients are obtained
and compared with experimental measurements.

Dynamics of Electrons in Electric Fields

Spacial homogeneity of the electric field and of
the particle distributions is assumed. As in the clas-
sical approach, the time during an encounter of an
electron with a neutral is assumed negligible. Thus,
the effect of the electric field on the electron motion
is accounted for only during the free time between
collisions.

The conservation of momentum of an electron is
m(dv/dt) = —eE,

where e =1.602 x 10719 Coulomb. The vectors are
broken into components anti-parallel and perpendic-
ular to E as

v= (v, v1)
E—(—E,0).

and

Integration then yields
v] = v;sin 0;, (4)

v|| = v;cos 0; + :1 Et (5)

where t is the free time between collisions and sub-
script i denotes conditions immediately after the
preceding collision (¢=0).
The change in kinetic energy in time ¢ is
Ae=im(v-v —v;v))
o o
= 3 m(v] —vf;) - (6)

Using Eq. (5) this reduces to

Ae—ecEvitcosOi+ ;- (Bt (1)

12 R. J. Sovie and J. V. Ducan, NASA TN D-3121 [1965].



838

Thus the energy exchange with the electric field can
be determined in terms of the initial magnitude and
direction of the velocity vector at the start of the
trajectory, the electric field strength, and the free
time ¢.

The direction, 0, of the electron velocity vector
can now be obtained by use of Eq. (6) in

cos?0 =% mof /% mo?
as  cos0= 1V (cos? 0;+ Ae/e;) [ (1 + defe;).  (8)

When 0; < 71/2 the positive sign always applies. In
cases where 0;>71/2 and free time reaches a value
equal to —muvy ;/eE, the parallel component of
electron momentum is reduced to zero, and cos €
changes from a negative to a positive value.

Effect of Electric Field on Free Time
Between Collisions

For each step of a RW a free time, ¢, is required
for use in Egs. (7) and (8) in order to determine
energy and direction of the test electrons. In the
computer simulation of electron behavior this free
time is selected at random from a distribution of
free times. Expressions for the distributions must be
general enough to apply to particles having appre-
ciable velocity changes during the time ¢ due to the
electric field force. A derivation of such a distribu-
tion of free time, as well as mean free time is given
in the Appendix. The resulting distribution is

t

JO) =nQuvexpl—[nQuudf].  (9)
and the mean free time is

oo t
t=[exp[—[nQ,vdt] dt. (10)
0 0
For some species of neutrals, the total electron-
neutral absorption cross section times the electron
velocity is close to a constant 3. That is

v ), = constant ,

and then
Vi Qa.‘ =V Qa= v/n

13- G. H. WANNIER, Statistical Physics, John Wiley & Sons,
New York 1966.

14 A. F. BROowN, Statistical Physics, Elsevier Publ. Co., New
York 1968.
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where » is the collision frequency. Eqs. (9) and
(10) then reduce to the familiar expressions

f(t) =nQa,ivi CXP[—"Qa,ivit],

7= (nQaiv) 1. (11)
For no electric field v is a constant between colli-
sions and the last two equations apply again. For

these two cases a distribution function can be writ-
ten as

and

Fi(t[r) =exp(—t/7).

The total absorption cross section times the electron
velocity, Q, v, for electron-helium interaction is shown
in Fig. 1 as a function of electron energy, ¢. The

(12)

X0 S —————T——

4
(o} 20 40 p 60 80 100

Fig. 1. Collision frequency parameter, v Q4 , versus electron
energy, & in eV; v is electron velocity in cm/sec, and Qg is
total absorption cross section of helium in cm?.

cross section (), was obtained from the experimen-
tal results of RAMSAUER and KOLLATH'® over the
range of ¢ available (from 2 to 20 eV). For higher
energies a curve parallel to the data of NORMAND 16
was used but raised 25 percent to bring it up to the
level of the data of Ramsauer and Kollath. The
parameter v (), varied less than 5 percent from a
value of 7.8 x 1078 cm? per second over a distance
of 5 < ¢=<80eV. Thus, collision frequency, », is
constant within 5 percent in this energy range.
The variation of v Q, with ¢ in Eqgs. (9) and (10)

can be accounted for by a numerical procedure.
Let: y=nQ, iv;1,

T=nQ,;vit,

15 C.RamsauUEr and R.KoLLATH, Ann. Physik 12,529 [1932].
16 C. E. NorMAND, Phys. Rev. 35,1217 [1930].
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and V=vlv;.
Eqgs. (9) and (10) can then be written as
t/t ;
R 1) = (32 e[~ [ ("3:2)a(5)] (3
5 i !
aiid - rexp[— ?(ZQ‘_‘) dT'J dT.  (14)
£ . a,i
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Fig. 2. Effect of electron initial energy, ¢, and angle 0; on
free time between collisions, 7. ¥ is the ratio of 7 to the mean
free time for no electric field, (n Qq,ivi) ~1. I" is an energy
ratio parameter equal to e E/(n Qq,i ).
a) E/p=10eV/em-Torr; b) E/p=100 eV/cm-Torr.
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Velocity ratio, ¥, can be determined as a function
of &, cos0;, E/n, Q. ;, and T by use of Eqgs. (5)
and (7) as

v {14 €Tl dEMTELE - (15)

Qq,ici 2 Qa,i€i
Use of Egs. (13) through (15) and an empirical
fit to the total cross section curve (Q, vs. &) permits
evaluation of the distribution of free times, and
mean free time as functions of &;, cos6;,and E/n.
Some results for helium are given in Figs. 2 and 3.
To conform with convention, E/p is reported in
place of E/n, with n/p=3.54x10' cm™3-Torr™!
at 0 °C.

Mean free time, 7, differs little from (n Q, ;v;) !
at low E/p and high ¢ where the energy ratio para-
meter [['=eE/(nQ, i€)] is less than 0.1. The
variation of y with cos 0; is almost linear here. Thus,
7 is increased when the electron motion initially
opposes the electric field, and is decreased at high
values of cos 0; where the electron is being acceler-
ated over its entire trajectory. As I" is increased to
values near unity, y increases sharply as cos0; ap-
proaches — 1. At an E/p of 100 and an ¢; of 2 €V,
for example, the electrons are decelerated so much
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Fig. 3. Distribution, F¢, of free time, ¢, about mean free time
for various initial electron energies, ¢;, and angles, ;.
a) E/p=100eV/cm-Torr, &=2eV, ['=224;

b) E/p= 30eV/cm-Torr, g=2eV, ['=0.67.
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that 7 is 50 percent greater than (nQ, ;v;) ! As
I' is increased much beyond 3, the entire curve of y
versus cos 0; drops and eventually approaches zero
as I" approaches infinity. At very high I, Q,~Q,. ;.

and y is a function of I" only.

The distribution, F;, of free times, ¢, about the
mean free time is illustrated in Fig. 3. Comparison
is made with the exponential distribution of Eq. (12).
Only at the higher values of I" and lower ¢ and
cos 0; do the distributions differ much from that of
Eq. (12).

Empirical relations were fit to the results of Figs.
2 and 3 for use in the random walk. When the dis-
tributions, F,(t¢/t), were close to that of Eq. (12)
a simplification in computer programming results.
The usual computer library contains only a means
of generating uniformly distributed random num-
bers, R, in the interval 0 < R < 1. The relation
between R; and the free time is 17

t/x
R;= ,Ofexp( —t'[7) d(¢[7).

Using the fact that 1 — R has the same distribution
as R and solving for ¢ results in

t=7In(1/R,). (16)

Interaction of Electrons
with Helium Badkground Atoms

To determine the type of encounter at each col-
lision a random number R, was drawn from a set
of numbers uniformly distributed over the interval

from 0 to 1. If Ry were less than Q./Q, the cal-
culations for an elastic collision were performed. If

QCI/QG g RQ é (Qel + Qex) /Qa )

the calculations for an excitation were made, and if

(Qel + Qex) /Qa g RQ

the calculation for an ionization was made. Here,
Qe1s Qex» and Q, are the integral elastic, electronic
excitation, and total absorption cross sections re-
spectively.

The integral cross section used in the analysis
are shown in Fig. 4. The excitation cross section is
that obtained by Sovie 8. It is the sum of the cross

17 Y. A. SCHREIDER, Method of Statistical Testing, Elsevier
Publ. Co., New York 1964.
18 R. J. Sovie, NASA TN D-2324 [1964].
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Fig. 4. Integral cross sections for electrons in helium.

sections for excitation from the ground state, 11S,
to the next seven energy levels in each of the 1S, P,
D, 3S, 3P, and 3D spectral series. That is
8
Qex= 22(0'11@ +Q1§ + 01 + Q1S + Q1 +01).
n=
The ionization cross section, @, , of Fig. 4 is from
the experimental results of SMITH!?. These data
agree favorably with the data of MAIER-LEIBNITZ 20
over the limited energy range available. The cross
section for elastic collisions was obtained by sub-
tracting Q. and Q,, from Q,. Absorption cross
section as previously discussed is from the experi-

mental results of Refs. ° and 16.

19 P. T. SmITH, Phys. Rev. 36, 1293 [1930].
20 H. MAIer-LEBNITZ, Z. Physik 95, 499 [1935].
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Differential cross section data were used in the
determination of scattering angles of the test par-
ticles at each collision. For elastic encounters the
data of MoHR and NicHoLrr 2!, RAMSAUER and
KoLLATH !5 and MAssey and BurHOP 22 were used
(Fig. 5). For excitations the data of NicHOLL and
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Fig. 5. Elastic differential scattering cross section, ce], for

helium versus scattering angle y. Lines are experimental data

obtained from Ref. 1%, 21| and 22, and normalized. Symbols are

tallies of distributions of random numbers, R, , obtained by
use of Eq. (17).
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Fig. 6. Excitation differential scattering cross section, dex , for

helium versus scattering angle, y. Lines are experimental data

from Refs. 2! and 23, and normalized. Symbols are tallies of

distributions of random numbers, R,, obtained by use of
Egs. (17) and (18).

21 C.B.O.MoHRr and F. H. NicHoLL, Proc. Roy. Soc. London
138, 229 [1932].

22 H, S. W. Massey and E. H. S. Buruor, Electronic and
Ionic Impact Phenomena, At the Clarendon Press, Oxford
1969.
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MoHR 22 and MoHRrR and NicHOLL?!' were used
(Fig. 6). Most of the excitation data is for transi-
tions from the ground state to the 2'P state, which
is by far the most probable transition 18. Additional
justification for this is provided by the data of
MoTT and MASSEY 24, which indicate that excitations
to the 2'P, 3'P, and 4'P levels yield similar curves
of cross sections versus scattering angle. When nor-
malized the curves lie very close to one another. It
was further assumed that the differential excitation
cross sections are suitable for representing the scat-
tering angle during transitions to ionization energy
level. It was later found that the final results (energy
distribution, and electron transport coefficients)
were quite insensitive to distribution of scattering
angle. Thus the data of Figs. 5 and 6 appear to be
adequate for purposes herein.

In the computer simulation of the scattering pro-
cess a random number R, was drawn at each colli-
sion. The relation between R, and differential scat-
tering angle, 7, is

R, :!o(x') sin y’ dx’/of a(z) sin ' dy’.

Empirical curves were fit to the cross section data
of Figs. 5 and 6, the above integration performed,
and 7 determined as a function of R, by the New-
ton-Raphson root finding method. The final relations
were kept as simple as possible for computing ex-
pediency. The relations used for elastic encounters
are

z =arcos(1—2RY)
y =1+ (¢/30)°
a=17.

where

(17)

and

For inelastic encounters and ¢ < 60 eV, Eq. (17)
remained suitable with @ =1; however for e >60eV
the formula

% =120[arsin (RL5%)] /e (18)

was used. A comparison of these results with the
experimental data is shown on Figs. 5 and 6.
The relation between scattering angle and angles

0 and 0; is

cos 0;=cos 0 cos y +sinf sin y sina,

(19)

23 F.H. Nicuorr and C. B. O. MOHR, Proc. Roy. Soc. London
142, 320 [1933].

24 N. F. MoTT and H. S. W. Massey, The Theory of Atomic
Collisions, At the Clarendon Press, Oxford 1965.
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simply from spherical trigonometry. Here 0 and 0;
are the angles between the electron velocity and the
negative direction of the electric field before and
after the collision respectively. The azimuthal angle,
a, between the orbital plane of the collision and
the plane determined by the vectors ¥ and E has an
isotropic distribution. It can thus be set equal to a
uniformly distributed random number R,, to be
selected each collision. Since R, varies from 0 to 1,
and a varies from 0 to 2z radians, the constant of
proportionality is 2 7 and

a=2xaR,. (20)

The energy loss for an elastic collision is given
by 8
A8~ (l—cosx) (21)
For an ionizing event, the minimum energy lost
by the test particle is the ionization potential, equal
to 24.46 eV for helium. It is possible however, for
the test electron to lose much more or even all of
its energy in such a collision. Unless otherwise stat-
ed it is assumed that, on the average, half of the
kinetic energy remaining after the collision is kept
by the test electron, the other half being given to
the liberated electron. Thus

&= (e—24.46) /2 (22)

This assumption appears quite plausible since the
test electron is unidentifiable from the liberated
electron.

For an excitation event the energy loss of the
test electron is calculated from

IQ lq 1}) IP lD lD
Agyy = Z(Oi’ls ens + Qs defhg + Qhig’ Aehig

+ Q’ffé e + QNS A + Q1R A1) [Qex  (23)

where defi§ are the energy differences between the
n 1S state and 1S or ground state for example. The
transition cross sections are given in Ref. 8. The re-
sulting energy loss, Ae, is equal to 21.91+ 0.1 over
the test particle energy range of 25 to 100 eV.

In summary, to perform a random walk for this
weakly ionized plasma, four random numbers are
drawn each collision. The first, R;, to determine
the ratio of free time to mean free time, then Ry to
determine the type of encounter. Finally R, and R,
to determine the scattering and azimuthal angles.
The change of energy and angle due to the electric

G. W. ENGLERT

field force between collisions is given by Egs. (7)
and (8), whereas the energy loss by collisions is
given by Eq. (21) for elastic events, Eq. (22) for
ionization, and (23) for excitations.

As an initial condition, at the start of the very
first free path for each test electron, an isotropic
distribution in angle 0; was assumed. To simulate
this distribution, random numbers R, were related
to 0,‘ by

0; =arcos(1 —2 Ry) . (24)

The electron energy at the start of each walk was
arbitrarily set equal to a constant value close to the
expected average energy at steady state. The values
selected were 2, 3, 3, 10, 20, and 20 eV for values
of E/p of 1, 3, 10, 30, 60, and 100, respectively.
The steady state, or terminal conditions were found
to be independent of the initial condition selected.

Application to a Gaseous Discharge

The trajectories of 10,000 electrons were deter-
mined for each E/p and physical model of particle
behavior considered. Computer time for each case
was usually less than 30 minutes. At the beginning
of each set of calculations, a reference mean free
time, 7.t , was determined from Eq. (11).

Multiples Ny, No, ..., N;,... of 7, provide
convenient criterial for selecting time intervals for
recording test particle data.

The accumulative walk time of each test particle
was monitored by summing its free time between
collisions as the walk progressed. When this accu-
mulative time reached a N; 7, value, its location,
its total number of collisions as well as the number
of ionizing events experienced, its energy, and its
angle with respect to the electric field direction were
all recorded. It was found that appreciable amounts
of relaxation of the energy distribution (from the
initial delta function distribution) are usually ex-
perienced within N;=3, 10, 30, 100, 300, ... mul-
tiples of 7,.;. This data recording process was con-
tinued (for the 10,000 electrons) to higher and
higher N; until the energy distribution no longer
changed with further increase of N;. The calcula-
tions were then terminated.

Electron energy distributions were obtained by
dividing the energy range of interest into 20 or
more increments. The number of test electrons which
were located in each increment were tallied at each

N;.
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Drift velocity, vp, was determined at each N;
from

Up= EAZ/Zt
Az=A¢fe E

and de was determined from Eq. (7). Summation
is over all distances 4z between collisions and free
times, ¢, in the time interval between N; 7. and
N;_{ Tret for all the test electrons. In like manner,
Townsend ionization coefficient was obtained from

where

ar = 2 no. of ionizing events/> Az .

Diffusion coefficient, D = D| + D] , was obtained
by use of Egs. (4), (5), and (7) with

Di= 2 (42)%/6 2 1= 2 (de[eE)?[6 S ¢,

and Di= 2 [(42)2+ (4y)*1/6 2 ¢t
= Z (2 Sitg sin20i/m)/6 Zt.

Relaxation of Electron Energy Distribution

The relaxation of distributions of random energy
from initial delta functions to steady terminal con-
ditions are shown on Fig. 7 (a) through (e) for a
wide range of E/p values. Random energy, ¢,, dif-
fers from total energy, & by drift energy, which
varied from 0.5x 1073 to 5.6 eV as E/p varies
from 1 to 100 eV/cm-Torr. Values of the mean to-
tal energy determined from

oo

e=[ef(e) de

0

at the terminal, or steady state, condition are given
in the figure legends. Also given are the average
number of collisions per walk, Ng, for relaxation
predicted by use of Eq. (3) with ¢ set equal to &.
To predict the time of relaxation, ¢,, the collision
frequency was approximately by

v= 7 ~nQq(F) V2i/m.
Substituting this into Eq. (3) gives

t,p=0.18x 101 Q,(¢) &/(eE/p)2.  (25)

Equations (3) and (25) are appraised by compar-
ing their estimates with RW results.

Data points are omitted on the energy distribu-
tions, and only faired lines presented, as the large
number of closely spaced and overlapping points
tend to obscure trends where results change little
with change of curve parameter. Data scatter was
normally less than 2 percent for the 10,000 test par-
ticle sample size.
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At an E/p of 1 eV/em-Torr the energy distribu-
tions determined by the RW method relaxed to a
terminal distribution in the order of 2000 collisions
per test electron and within a tp of 1076 second-

1.4 LS W ) S A (R S O N (RN (R (R N R S e B ¢
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L/ 4 \ ]
—/ // // ; -
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 / J \ il
\=x :
SS=S= |

Gr, eV
Fig. 7 a.

Torr. The N, and ¢, p values of Egs. (3) and (25)
are higher than those indicated by the energy distri-
butions, however, they are well within the accuracy
expected for relaxation studies. The terminal distri-
bution of Fig. 7 (a) is compared to the classical
DRUYVESTEYN 2 distribution which is based on a
constant cross section. A value of Q, of 6.3 x 10716
cm? was used (see Fig. 4). This comparison shows
essentially the same amount of agreement as ob-
tained in the RW studies of YARNOLD 1. Both RW
investigations give values of distribution function
less than those of Druyvensteyn at low ¢,, but show
a greater f(¢&,) at high ¢, .

At an E/p of 3 the energy distribution was re-
laxed in about 1000 collisions per electron which is
again slightly less than that predicted by Eq. (3).
The terminal distribution compared well with the
results of SmrT 3.

Considerably less than 1000 collisions per elec-
tron were sufficient to relax the energy distribution
at an E/p of 10. This result is very close to that of
Eq. (3). The results of Smit were only in fair agree-
ment with those of the RW here.

As E/p is increased to 30 and 100 eV/cm-Torr

the relaxation times are again consecutively reduced.
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At an E/p value of 30 predictions of Eqgs. (3) and
(25) are in very good agreement with the RW re-
sults. At an E/p of 100 these equations may predict
values slightly lower than obtained by the RW.

In general, the results of Fig. 7 are sufficiently
close to those obtained from Egs. (3) and (25) to
show that relaxation time is governed by the pro-
cess of energy exchange between the electrons and
the electric field. Relaxation by electron energy ex-
change with the atoms would have required an esti-
mated order of at least 10% more collisions per elec-
tron than that required in the RW results of Fig. 7
at even the lowest E/p values.

The calculations of Smit only cover the range
of E/p from 3 to 10. In the higher E/p range some
comparison of the terminal RW results can be made
with the analytical results of REDER and BROWN?®
(who calculated energy distributions at E/p values

of 6, 10, 20, 60, and 80 eV/cm-Torr) and HEYLEN
and LEwis ® (who calculated distributions at E/p of
5, 20, 50, 100, and 200). In general, the results
of these two analyses are in only fair agreement

with the RW results.

The result of omitting the effect of electric field
on mean free time between collisions in the energy
distribution calculations was studied for most of the
E/p values of Fig. 7. To determine this effect, mean
free time, 7, was determined by Eq. (11) in place
of (10). The resulting energy distributions were
than compared with those of Fig. 7. At E/p values
of 30 eV/em-Torr or less the effect of electric field
on 7 was not discernible within an estimated 2 per-
cent scatter in the energy distribution data. Drift
velocity and diffusion coefficient were however found
to be appreciably influenced even at an E/p of 10.
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Drift Velocity, Townsend Ionization Coefficient,
Mean Energy, and Diffusion Coefficient

Drift velocity and diffusion coefficient for the
terminal steady state conditions of Fig. 7 are plot-
ted on Fig. 8 versus E/p. Good agreement with
the experimental drift velocities of HORNBECK 2%,
PHELPS, PAck, and FrROST 26, and ANDERSON 27 is
shown.

Diffusion coefficient is generalized independent
of helium density by multiplying D by the pressure
p (referenced to 0 °C). Fair agreement with the
theoretical results of Heylen and Lewis is shown.

The first Townsend ionization coefficient is given
on Fig. 9 plotted against E/p. The average number
of ionizations per net distance the electrons travel
in the z direction has been divided by p. These RW
results are in good agreement with the experimental
results of TOWNSEND and MacCAaLLUM 28,

25 J. A. HORNBECK, Phys. Rev. 83, 374 [1951].

26 A.V.PHEvrs, J. L. Pack, and L. S. Frost, Phys. Rev. 117,
470 [1960].

27 J. M. ANDERSON, Phys. Fluids 7, 1517 [1964].

d) E/p= 30eV/ecm-Torr, e=12.5eV, N,= 93,
t: p=0.34-10—7 sec-Torr.

e) E/p=100eV/cm-Torr, ¢=35.8eV, N,= 16,
t: p=0.73-10"8 sec-Torr.

The average random energy (equal to the total
average energy, & minus the drift energy) is also
plotted on Fig. 9. As expected from Fig. 7, the re-
sults of Refs. 5 and € are lower than the RW values.

The drift velocities, first Townsend ionization co-
efficients and diffusion coefficients obtained from
this microscopic random walk study provide the co-

efficients for the electron transport equation 9.

Appraisal of Assumptions Used in Previous Theories

The effects of a number of simplifying assump-
tions which have been used in various analytical
studies ® can be easily appraised by the RW proce-
dure. A listing of the resulting coefficients and
mean random energies are given in Table 1.

28 J.S. TownNsEND and S.P. MacCarrLuwm, Phil. Mag. 17, 678
[1934].
2 H. E. WiLHELM, Phys. Rev. 187, 382 [1969].
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Table 1. Appraisal of various simplifying assumptions.

E/p D Dp Dp &r at/p
eV/cm-Torr cm/sec cm>Torr/sec  em2-Torr/sec eV em~-Torr—!

Basic calculation 10 6.9-108 1.3-108 2.5-108 8.4 0.04
30 2.5-107 2.0-108 3.5-108 12.3 0.33

100 1.4-108 8.5-108 7.4-108 30.3 1.18

Constant mean free time, 10 7.4-108 1.2-108 2.4-108 8.4 0.04
Qqv=0.78-10"7 cm?/sec 30 2.6-107 2.0-10¢ 3.4-10¢ 11.8 0.34
100 1.6-108 1.3-107 8.4-108 28.4 1.04

Minimum energy loss during 30 2.5-107 2.0-108 3.6-108 12.9 0.33
ionization, Aejon=24.46 eV 100 4.2-108 2.6-107 1.4-107 70.8 1.59
Maximum energy loss during 30 2.5-107 2.0-108 3.4-108 12.3 0.31
ionization, Adejon=2¢ 100 1.1-108 6.9-108 5.3-108 224 0.85
Isotropic distribution of 30 2.0-107 1.9-10¢ 3.4-108 12.1 0.31
scattering angle, ¥ 100 6.2-107 4.6-108 6.4-108 22.4 1.36

It is often assumed 13 that collision frequency
is constant over the entire energy range of the elec-
trons. This assumption can be incorporated into the
RW by setting the product of absorption cross sec-
tion times the magnitude of electron velocity equal
to a constant. For helium, a value of Q,v equal to
0.78 X 1077 cm?® per sec was selected from Fig. 1.
At ¢ less than 5 eV this assumption far underesti-
mates the free time between collisions [Eq. (11)].

This in turn permits less transfer of energy between
the electric field and the electrons [Eq. (7) ] causing
the peak of the energy distribution to shift toward
lower &, as shown on Fig. 7c. Mean energy was
significantly effected, however, only for E/p of 30
and greater. Except for the component of diffusion
coefficient parallel to the electric field, the electron
transport coefficients changed at most 15 percent
over the range of E/p studied.
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Another assumption of interest involves the
amount of energy loss per inelastic collision. The
recent results of Ref. 18 permit determination of an
average energy loss, de.y, for excitation events in
helium from cross section data. The energy loss in
ionization events is less certain as it depends on the
amount of energy transferred to the liberated elec-
tron. To study the magnitude of this effect, RW cal-
culations were made with the limiting amounts of
test electron energy loss, A, , per ionizing event,
in addition to that of Eq. (22); that is,

Agjon = 24.46 eV

As expected, the greater the energy loss per ioniz-
ing event, the more the energy distribution was
shifted toward lower ¢, values. The properties listed
in Table 1 show little dependence on A4¢;,, at an
E/p of 30, but become very sensitive to ionization
loss as E/p is increased to 100.

An isotropic distribution of scattering angle was
used in the RW procedure to study the effect of a
large deviation from the distributions of Figs. 5
and 6. Results were anticipated to be quite insensi-
tive to such a change since the uniform distribution
of azimuthal angle, a, normally tends to randomize
the distribution of 0; and thus offset the effect of
persistence of velocity in local scattering coordina-
tes [Eq. (19)].

Results show, however, that the isotropic distri-
bution of y tends to reduce v| and thus vp and Dy
as well (Table 1). This reduction is slight at an
E/p of 30 or less, but considerable at a value of
100. At an E/p of 100 (Fig. 7e) a large percent
of the electrons are in a high energy range where
the distributions of Figs. 5 and 6 deviate extremely
from the isotropic assumption.

Finally, both the assumption of a constant colli-
sion frequency plus the assumption that

and Adegn=¢.

Aeion = Aeex =ic

were used in the RW procedure. Both of these as-
sumptions are used in Ref. 3. The RW results were
now very close to the results in Ref. 5, as shown on
Fig. 7d. Considerable contrast with the basic un-
simplified RW results is observed.

Conclusions

The random walk provides a means of determin-
ing detailed behavior of a gaseous discharge with a
reasonabe expenditure of computer time.
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The characteristic time of relaxation of the elec-
tron energy distribution depends primarily on the
energy exchange between the electrons and the elec-
tric field. The background atoms serve mainly to
randomize the electron motion with respect to the
electric field direction. This relaxation time is close-
ly approximated by a simple energy exchange re-
lation.

The values of drift velocity and Townsend first
ionization coefficient determined by the random
walk compare well with experimental results. Vari-
ous inelastic energy loss assumptions, as well as the
simplifying assumptions of constant collision fre-
quency and isotropic scattering angle were apprais-
ed. Electron energy distributions and transport co-
efficients were found to be especially sensitive to
these assumptions at high values of E/p.
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Appendix

Distribution of Free Time between Collisions
for Charged Particles in the Presence
of an Electric Field

An expression for the free time, ¢, is derived which
allows velocity changes during ¢ and in turn permits
inclusion of the influence of the electric field on charg-
ed test particles. From this distribution a mean free
time is determined, which is a function of the energy
and direction of the test particle at the start of the free
trajectory between collisions, and of the ratio of elec-
tric field to background density, E/n.

Let N(z) be the number of test particles (electrons)
which have survived without a collision at time #, out
of an original number N;=N(0). The fraction of free
times between ¢ and ¢+ dt is

f(t) dt=[N(t) —N(t+dt)]/N;. (A1)
Expanding N (t+dt) :
N(t+de) =N() + fg de
and substituting the result into (A 1) gives
1 dN

The number of collisions, dN, that an electron suffers
can in a differential time element dt be expressed as
n Qqv where n is the density of field particles, Qg (v)
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is the total collisional cross section area, and v(t) is
the speed of the electron. Thus

(dN/dt) = =N n Qqv (A3)
is the rate at which free paths are being terminated.

Substituting Eq. (A 3) into (A 2) gives the distribution
of free times to be

N
f)= N nQav. (a9)
Integrating Eq. (A 3) gives
¢
.4 =exp[—/nQqvdt]
N; 0
and substituting the result into Eq. (A 4) gives
t
f(t)=n0av'exp[—0anavdt']- %)

Let 7 be the average time between collisions, that is

oo t t
[ ti@) de Ofthav-exp[——anavdt'] dt
0 0
T = e s — .
[ f(t) de Of nQav-exp[—/[ nQqvdt] dt
0 0
(A5)

Consider first the denominator of Eq. (A 5). Let

¢
u= [nQquvdt,
0
then du=n Qqvdt
[e vdu=1.
Next consider the numerator of Eq. (A 5). Let

t
g(t) :exp[—ofn Qqvdt],

and the denominator reduces to
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then
t

d[g(t)] = —nQr v'exp[—oanavdt'] dt

and the numerator becomes
—Oftd[g(t)] = —[tg(t)]o°°+0fy(t) dt=0f g(t) dt,

using integration by parts and L’Hospital’s rule. Fi-
nally Eq. (A 5) reduces to
o t
1=fexp[—;)fn0avdt'] de. (10)
0

Equation (10) can be placed in convenient dimen-
sionless form by letting

Y =nQqiviT, T=nQqivit,
and V = vfv;.
Then
oo T
(2 v ar
y=exp|— | {3, d7" | dT . (A 6)
0 0 -
Next let
T
U=j O pgqr, (AT)
Qa,i
0
and Eq. (A 6) becomes
y=j‘exp(~U) Qai y gy (A 8)
; Qa

which is a form especially suited for Laguerre numeri-
cal integrations.

Equations (A7), (A 8), and (15) permit numerical
determination of y as a function of ¢;, cos 0;, and E/n
for total cross section Qg (V).



